Discussion on two small problems in Additional Math. Mock Exam , 2009
Yue Kwok Choy

5.
A variable circle touches a fixed circle  x2 + y2 = 16  externally and a straight line  x = 6 .


Find the equation of the locus of the centre.
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Let  P(x, y)  be the co-ordinates of the required centre.


(  Radius of the variable circle = PE = 6 – x 


OP = 4 + (6 – x) ,  OD = x ,  DP = y

By Pythagoras Theorem on (OPD ,


OD2 + DP2 = OP2

(
x2 + y2 = [4 + (6 – x)]2


x2 + y2 = 100 – 20x + x2 


The locus is  y2 = 100 – 20x , which is a parabola.


However, the variable circle (in red) cannot touch


the straight line  x = 6  if the x-coordinates of P 


is negative.


The locus is  y2 = 100 – 20x , where  x ( 0 .


We can only get a section of the parabola (in blue).

6.
Let  f(x) = x2 + x + k  and  g(x) = x2 – 2x + 3k, where  k  is a constant.


If a non-zero root of the equation  g(x) = 0  is twice a root of the equation  f(x) = 0 ,


find  k .


Method  1   
By brute force


f(x) = 
[image: image10.emf]






g(x) = 
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Since a non-zero root of the equation  g(x) = 0  is twice a root of the equation  f(x) = 0 ,
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Squaring, we get   
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Squaring again,
16(1 – 3k) = k2 + 8k + 16






k2 + 56k = 0  (  
k(k + 56) = 0



(
k = –56

since  if  k ( 0  for non-zero root .

Method  2

Definition of root


Let  (  be the root of  f(x) = x2 + x + k .



2(  be the root of  g(x) = x2 – 2x + 3k .


Then    f(() = (2 + ( + k = 0






….
(1)




g(2() = (2()2 – 2(2() + 3k = 4(2 – 4( + 3k = 0

….
(2)


From (1),

k = –(2 – (

….
(3)


(3) ( (2),

4(2 – 4( + 3(–(2 – () = 0





((( – 7) = 0


Since  ( ( 0,   ( = 7


….
(4)


(4) ( (3) ,

k =  –72 – 7 = –56

Method  3

Vieta Theorem


Let  (, (  be the root of  f(x) = x2 + x + k .



2(, (  be the root of  g(x) = x2 – 2x + 3k .


( + ( = –1

….
(1)



2(+ ( = 2

….
(3)


( ( = k


….
(2)



2(( = 3k

….
(4)


Since  ( ( 0,  (4)/(3),
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….
(5)

(5) ( (1) ,  
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….
(6)


(6) ( (3) ,  
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….
(7)


(
g(–12) = (–12)2 – 2(–12) + 3k = 0  (
k = –56 .
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